We propose an action for unstable Dp-brane with dynamical tension. We show that the equations of motion are equivalent to the equations of motion derived from DBI and WZ actions for non-BPS Dp-brane. We also find Hamiltonian formulation of this action and analyze properties of the solutions corresponding to the tachyon vacuum and zero tension solution.
Introduction and Summary
It is well known that string theories are not only theories of strings but also contain number of objects with different dimensionality and properties 2 . D-branes are examples of these objects that are in some sense exceptional since they can be exactly defined "as the planes where open strings can end" and hence they have exact two dimensional conformal field theory description at least at the weak coupling regime [7] . Characteristic properties of these objects (among others) is an existence of the constant known as p-brane tension T p which is the mass per unit of spatial p−dimensional volume. The value of the tensions for different objects can be determined by different methods, see for example excellent book [3] . On the other hand Dirac-Born-Infeld (DBI) action for Dp-brane is highly non-linear due to the square root of the determinant. Further, this action cannot describe objects with zero tension. This problem can be solved by introducing auxiliary fields so that we replace square-root structure of the action with the more tractable one when we introduce scalar auxiliary field. Then we can go even further and replace the constant T p by p−form gauge potential in such a way that the tension arises as solution of the equations of motion for this non-dynamical p−form [4, 5, 6] . This is very attractive form of the action that is also scale invariant. It is also important to stress that the integration constant can have any value so that it describes tensionless and negative tension branes [8] as well, at least in principle. On the other hand the case of the zero integration constant is again tricky as the tensionless limit of ordinary Dirac-Born-Infeld action since it implies that the matrix is singular and hence the derivation of the equation of motion that is valid in case of the non-zero tension cannot be applied here. The correct procedure how to analyze zero tension solution is to switch to the Hamiltonian formalism.
Since the idea of the Dp-brane with dynamical tension is very attractive we can try to extend this construction to the case of an unstable non-BPS Dp-brane [9, 10, 11, 12] 3 which is the goal of this paper. We propose an action for non-BPS Dp-brane with variable tension. Then we determine corresponding equations of motion. We show that the tachyon kink is the solution of these equations of motion on condition that the solution of the equation of motion for p−form is non-zero constant. Then we argue, following [14, 15] that this kink on the world-volume of unstable Dp-brane corresponds to the D(p−1)−brane. It is clear that the equations of motion and kink solution are not valid in case when the solution of the equation of motion for p−form is zero constant. In order to analyze this problem we proceed to the Hamiltonian formulation of a non-BPS Dp-brane with variable tension. We find corresponding Hamiltonian and determine algebra of constraints. Then we analyze two situations. The first one when the tachyon is sitting at its minimum value. We argue that the resulting equations of motion with constant electric flux correspond to the equations of motion derived from the Nambu-Gotto action. In other words the dynamics of the non-BPS Dp-brane at the tachyon vacuum is equivalent to the dynamics of fundamental string that is delocalized along the world-volume of non-BPS Dp-brane 4 . We mean that the fact that this solution is delocalized along the world-volume of an unstable D-brane has a natural interpretation. We know that at the end of the tachyon vacuum unstable D-brane disappears so that we mean that it does not make sense to speak about the position of the string remnant on it. Further, the only physical meaning has the localization of the string in the target space-time and the dynamics of these modes is governed by the equations of motion that follow from Nambu-Gotto action. We also discuss the second class of the solution of the Hamiltonian equations of motion for non-BPS Dp-brane with variable tension when the tension of this brane is equal to zero. The similar situation was analyzed previously in [21, 22, 23, 24] however with slightly different limiting procedure. More precisely, the limiting procedure introduced in [21, 22, 24, 23] the factor in front of F µν = ∂ µ V ν − ∂ ν V µ scales as well which is not the case of the non-BPS Dp-brane with the variable tension where the gauge field has the dimension of length. This follows from the fact that the tension is generated dynamically as the solution of the equations of motion. On the other hand there is no way how to generate length scale in front F µν dynamically. As a result the zero tension solution of the non-BPS Dp-brane equation of motion has similar form as the tachyon vacuum solution with the difference that now the world-volume theory contains additional massless mode which was the original tachyon field. In other words the solutions of the equations motion at the zero tension vacuum correspond to the string propagating in the space with one additional dimension.
All these results are derived in the background with vanishing Ramond-Ramond (RR) fields so that one can ask the question whether an existence of the background with non-trivial RR fields does not change the interpretation of the resulting solutions as the solutions that arise from the Nambu-Gotto action. In other words, if we were found that there is non-zero coupling to the RR fields at the tachyon vacuum we could not interpret the resulting configuration as the fundamental string due to the fact that fundamental string does not couple to RR fields directly. We demonstrate that this is not the case on the example of non-BPS D2-brane when we find its Hamiltonian formulation in the presence of the RR fields. We show that the coupling of this brane to RR fields vanishes at the tachyon vacuum and hence the resulting configuration really corresponds to the fundamental string. This is non-trivial result since the Hamiltonian formulation of non-BPS D2-brane in the background with non-zero RR fields has not been done before.
Let us outline our results. We propose an action for non-BPS Dp-brane with dynamical tension. We study its properties and show that the equations of motion for this system has the tachyon kink solution that can be interpreted as a lower dimensional D(p-1)-brane. We also find the Hamiltonian formulation of p-brane and non-BPS Dp-brane with variable tension in general background. We study two solutions that cannot be analyzed in the conventional Lagrangian formalism which are the tachyon vacuum solution and the zero tension solution. We argue that the solutions of the equations of motion at these vacua and with constant electric flux have a natural interpretation as the solutions of the Nambu-Gotto equations of motion which supports the conjecture that at the tachyon vacuum the non-BPS Dp-brane disappears and the gas of the fundamental string emerges. Finally we also argue that this conclusion is valid even in the presence of the non-trivial RamondRamond forms.
The organization of this paper is as follows. In the next section (2) we introduce an action for Dp-brane in general background with dynamical tension and we show that the resulting equations of motion are equivalent to the equations of motion derived from DBI and WZ D-brane actions. In section (3) we perform Hamiltonian analysis of p-brane with the variable tension. In section (4) we formulate an action for non-BPS Dp-brane with variable tension and we show that the equations of motion have a solution that can be interpreted as D(p-1)-brane. In section (5) we find Hamiltonian formulation of this Dp-brane and analyze canonical equations of motion. We also find the Hamiltonian for non-BPS D2-brane with dynamical tension in non-zero RR background.
D-brane Action With Variable Tension
In this section we review basic facts about Dp-brane with variable tension following [6] . Let us consider the Lagrangian density in the form
where Φ is a dilaton, v is an independent worldvolume density, and where
where g µν and B µν are induced metric and two form respectively
G M N and B M N , M, N = 0, . . . , 9 are target space-time metric and NS-NS two form fields respectively, X M (ξ) are world-volume fields that parameterize the position of Dp-brane in the target space-time. Finally V µ , µ = 0, . . . , p is world-volume gauge field where the world-volume of Dp-brane is labeled with coordinates ξ µ , µ = 0, . . . , p.
An important building block of Dp-brane with the variable tension is the scalar density ⋆G (p+1) which is the world-volume Hodge dual of (p + 1)-form field strength G (p+1) and that has an explicit form
where q = p + 1 − 2n and where
is the pull-back of the Ramond-Ramond forms to the world-volume of Dp-brane. Our goal is to show that the equations of motion that follow from the action S = d p+1 ξL are equivalent to the equations of motion that follow from the DBI and WZ actions for ordinary Dp-brane.
To begin with note that the equation of motion for A implies that
where T is a constant. In what follows we will presume that it is not equal to zero. On the other hand the equation of motion for v implies
that together with (6) implies
Finally we analyze the equations of motion for X M and V α . In case of X M we obtain
where
and where
Further, the equation of motion for V α has the form
Now we easily see that these equations of motion have the same form as the equation of motion derived from standard DBI and WZ action. In fact, inserting (6) into (10) and (13) we obtain
that coincide with the currents introduced in [25] . Further, inserting (7) into (9) we obtain the equations of motion
which are the equations of motion derived from the DBI and WZ action. In the same way we proceed with the equation of motion for
which is the equation of motion derived from DBI action. It is important to stress that given analysis is valid for T = 0. To see this explicitly note that (8) implies that detA = 0 for T = 0 and hence it is not possible to introduce inverse matrix to A. In order to deal with this case it is convenient to proceed to the Hamiltonian formulation.
Hamiltonian Formalism for p−Brane With Dynamical Tension
In this section we perform the Hamiltonian formulation of p-brane with variable tension. For simplicity we consider the case of pure p-brane leaving the general analysis to the case of non-BPS Dp-brane that will be performed in the next section. In case of p-brane we have
is vector density of unit weight. With the help of ω µ we can write the action for p-brane with variable tension in the form
Now we proceed to the canonical formulation of this theory. From (19) we derive conjugate momenta
Then the bare Hamiltonian density is equal to
using the fact that
Further, from (20) we derive following primary constraints
As the result the Hamiltonian density with all primary constraints included has the form
Now we have to study the stability of the primary constraints when the Hamiltonian that generates the time evolution is H E = d p ξH E . The requirement of the preservation of the constraint p v ≈ 0 implies
while the preservation of the constraint ρ i ≈ 0 implies an existence of additional constraints
Finally we proceed to the analysis of the preservation of the constraints H i . We extend these constraints with the secondary constraints G i in order to ensure that they are preserved during the time evolution. In more details, let us introduce the constraintsH
and its smeared form
Now it is easy to see that this constraint has following non-zero Poisson brackets
and hence we find
which implies thatH i are preserved during the time evolution of the system. Now in order to find the total Hamiltonian we have to include all constraints to it. We absorb the factor v detg ij into the Lagrange multiplier N 0 corresponding to the constraint H 0 . In the same way we include ω i into the definition of the Lagrange multiplier Γ i corresponding to the constraint G i . As a result the total Hamiltonian has the form
where we do not induced the constraints p v ≈ 0 , ρ i ≈ 0 since they decouple from the theory. Let us now consider the equation of motion for τ 0
since H T does not depend on ω 0 . Further, the constraint G i ≈ 0 implies that ∂ i τ 0 = 0 and consequently we find that τ 0 = T is a constant that can be identified with the tension of p-brane. Let us now determine remaining equations of motion
We see that for τ 0 = 0 the equations of motion (33) simplify considerably
together with the constraints
Clearly the diffeomorphism constraint can be solved by imposing
. On the other hand we can consider more general dependence of
is arbitrary function [18] . Then it is easy to see that the equation of motion for X M and P M correspond to the equation of motion for tensionless particle where the localization of the particle along the world-volume of p-brane is determined by the function f (ξ 1 , . . . , ξ p ). On the other hand the physical meaning has the localization of this object in the target space time where the dynamics of the embedding modes is governed by the equations of motions for massless particle.
Non-BPS Dp-brane with Variable Tension
In this section we propose an action for non-BPS Dp-brane with variable tension. We claim that the Lagrangian density has the form
where Φ is a dilaton, v is an independent worldvolume density and wherẽ
Further, T is the tachyon field and V (T ) is a corresponding potential that is symmetric under T → −T and it has a maximum at T = 0 and has its minimum at T = ±∞ where it vanishes [13] .
In case of the non-BPS Dp-brane we propose the scalar density ⋆G in the form
where q = p + 1 − 2n − 1. Now we show that the equations of motion derived from the action S non = d p+1 ξL non have the same form as the equations of motion derived from non-BPS Dp-brane action. First of all the equation of motion with respect to A implies
where τ p can be interpreted as non-BPS Dp-brane tension. On the other hand the equation of motion with respect to v implies
that with the help of (39) implies (on condition that τ p = 0)
Finally we analyze the equations of motion for X M and V α and T . For the first one we obtain 1 2v
wherẽ
Further, the equations of motion for V α have the form
Finally the equation of motion for T has the form
Now we show that the equations of motion (39),(40), (42) and (46) can be solved with tachyon kink ansatz that can be interpreted as a lower dimensional D(p-1)-brane, following the similar analysis presented in case of non-BPS Dp-brane in [14, 15] . We choose one world-volume coordinate, say ξ p ≡ x and consider following ansatz for the tachyon
where as in [14] we presume that f (u) satisfies following properties
which is however an arbitrary function of its argument u. a is a constant which can be taken to ∞ in the end that leads to the configuration when T = ∞ for x > t(ξμ) and T = −∞ for x < t(ξμ). Finally note thatμ = 0, . . . , p − 1. Let us also presume following ansatz for massless fields
Our goal is to show that the dynamics of the kink is governed by D(p-1)-brane equations of motion derived in section (2) . As the first step we determine the matrixÃ for the ansatz (48) and (50)
Note that for the matrix (52) the determinant detÃ has a form
As the next step we determine inverse matrixÃ −1 that has following exact form (for all a)
Now we show that the ansatz (48) and (50) is solution of the equation of motion. First of all using (54) we easily find
Then it is easy to see that the equation of motion for the tachyon is satisfied since
where we also used (41) together with the fact that the currentJ T vanishes identically for the ansatz (48) and (50). Now we can proceed to the equations of motion for X M . Using the fact that X M depend on ξμ only and the explicit form of the inverse matrixÃ −1 given in (54) we obtain that the equation (42) has the form
where we also used the fact that for any function F (a(x − t(ξμ))) we have
Let us now calculateJ M . It is easy to see that the only non-zero contribution contains x−derivative of T since in the opposite case the presence of the totally antisymmetric tensor ǫ implies x−derivative of massless fields which are zero by definition. ThenJ M is equal toJ
where J M W Z is the current for D(p-1)-brane (14) . Collecting all these results together we obtain that the equations of motion for X M have the form
with following physical interpretation. Since for large T the potential V (T ) goes as V ∼ e −T 2 we easily see that aV is zero for all points x = t(ξμ) in the limit a → ∞. In other words the kink is localized at the point x = t(ξμ). It is important to stress that t(ξμ) does not have any physical meaning since we consider manifestly worldsheet diffeomorphism invariant theory and hence this kink can be localized at any point on the world-volume of non-BPS Dp-brane. On the other hand we see that at the point x = t(ξμ) the equation of motion for X M are satisfied on condition when the expression in the bracket (. . . ) is zero. However this expression is exactly the equations of motion (15) for D(p-1)-brane.
In the same way we proceed with the equation of motion for V x and Vμ. In the first case we find that the equation of motion (44) has the form
where we used the fact thatJ x evaluated on the ansatz (48), (50) is equal tõ
In the similar way we can proceed with Vμ and we find that the equation (44) has the form
The physical interpretation of the equations (61) and (63) is the same as in case of the equation of motion for X M . Explicitly, these equations are valid at all points x = t(ξμ) while at x = t(ξμ) they are obeyed on condition that the expression in the bracket is zero. However this is exactly the equation of motion (16) for the gauge field on the world-volume of D(p-1)-brane. In summary we have found that the tachyon kink on the world-volume of non-BPS Dp-brane with dynamical tension corresponds to the lower dimensional stable D(p-1)-brane. It is important to stress that given analysis is valid on condition that τ p = 0. In order to analyze solution with τ p = 0 we have to switch to the Hamiltonian formulation of non-BPS Dp-brane with dynamical tension.
Hamiltonian Formalism for non-BPS Dp-brane with Dynamical Tension
In order to find solution with τ p = 0 it is useful to pass to the Hamiltonian formalism. For simplicity we presume zero RR background so that the action has the form
From this action we find conjugate momenta
Using these relations we easily find that the bare Hamiltonian is equal to
In order to express detÃ as a function of the canonical variables we use the fact that
Note also that (65) imply following primary constraint
Now we are ready to write an extended form of the Hamiltonian with all primary constraints included
Now the requirement of the preservation of the primary constraints p v ≈ 0 , ρ i ≈ 0 and π 0 implies following secondary constraints
Finally we calculate the Poisson bracket {H T (N), H T (M)}. Using the fact that
and after some tedious calculations we obtain the result
From the previous Poisson brackets we see that H 0 ,H i , G, G i are the first class constraints and no new constraints are generated during the time evolution of the system. Now we proceed to the solution of the equations of motion for τ 0 , A i and π i that follow from the Hamiltonian (73)
whereÂ ki is the matrix inverse toÃ ijÂ jk = δ k i . Further, the equations of motion for T and p T have the form
Finally we determine equations of motion for
We will analyze these equations of motion for two possible configurations. The first one corresponding to the tachyon vacuum and the second one corresponding to the zero tension limit.
Tachyon Vacuum Solution
It is easy to see that T = T min , p T = 0 where dV dT (T min ) = 0, V (T min ) = 0 is the solutions of the equation of motion. Further, the equation of motion (81) together with the constraints G i implies that τ 0 is constant. In this case the remaining equations of motion simplify considerably
To proceed further we introduce following projector
In other words it is a projector on directions transverse to π i . Then we can write
where by definition N i ⊥ g ij π j = 0. Before we proceed further we should mention that
where L is some length scale. Then is convenient to introduce dimensionlessπ i when we write π i =π i τ p . Using this notation we can introduce following derivative
Now we return to the equation of motion for π i where we use the split (86)
Our goal is to find solution of this equation when π i are constants. In this case the constraint G V is automatically obeyed while the equation above takes the form
that is obeyed for all i on condition when N i ⊥ = const that without lost of generality can be taken to be equal to zero. This choice also simplifies considerably the equation of motion for
Now we argue that given system of the equations of motion possesses fundamental string solution. Note that the Nambu-Gotto action for the fundamental string in general background has the form
It is easy to find the Hamiltonian from (91). Explicitly, from (91) we find momenta conjugate to Z M as
Then the bare Hamiltonian K is zero
while using (93) we find two primary constraints
where we defined
Then the extended Hamiltonian has the form
where λ τ , λ σ are dimensionless Lagrange multipliers since K τ , K σ have the physical dimensions L −2 . Using (97) we derive following equations of motions for
Now we see that the non-BPS Dp-brane at the tachyon vacuum with constant electric flux possesses fundamental string solution on condition when we identify Z M with X M and p M = λ τ . It is very interesting that this solution does not depend on all world-volume coordinates of non-BPS Dpbrane but it only depends on σ, where σ is defined by the orientation of the electric flux on the world-volume of non-BPS Dp-brane at the tachyon vacuum. We mean that this is a natural result if we recognize that it is believed that at the tachyon vacuum the non-BPS Dp-brane disappears. Further, note that the localization of the electric flux on the world-volume of non-BPS Dp-brane does not have physical meaning when the full world-volume diffeomorphism invariance is preserved.
while the momenta conjugate to T X M and A i have the form
where ǫ 12 = −ǫ 21 = 1. Following the same procedure as in previous sections we find the extended Hamiltonian in the form
where Π M , Π T and Π j are defined as
We could analyze this system in the same way as in previous sections. However we see from the form of the Hamiltonian density and from (107) that non-BPS D2-brane at the tachyon vacuum does not couple to the Ramond-Ramond fields and the dynamics of the configuration with the non-zero electric flux reduces to the dynamics of the Nambu-Gotto string in this background. This is a non-trivial result that supports the conjecture that the end point of the tachyon condensation on the world-volume of non-BPS Dp-brane is the gas of the tensile strings.
